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The computation of the aerodynamic forces arising from forced periodic motions is required for the generation of

dynamic terms inmodels for flight simulation. The periodicity can be used to avoid using fully unsteady calculations

by using the harmonic balance method. The current paper develops an implicit solver for the harmonic balance

equations. The method is tested on two transonic test cases and evaluation is made against the unsteady simulation

results. The first case is for the pitching NACA 0012 aerofoil. The second is for forced pitching of the F-5 wing with a

wing tip launcher and missile. A reduction in computational time by one order of magnitude compared with the

unsteady solver is obtained.

Nomenclature

A = matrix in frequency domain equation
c = chord
D = matrix in harmonic balance equation
E = transformation matrix between frequency and time

domains
e = energy
F, G,H = convective fluxes
I = residual of semidiscrete system
I = identity matrix
k = reduced frequency
nH = number of harmonics
p = pressure
R = residual vector
T = period
t = time
u, v, w = Cartesian velocity components
W = conserved variables
� = angle of attack
�t = pseudo time step
�t� = real time step
� = density
! = frequency

Subscripts

m = mean value
hb = harmonic balance
1 = freestream value
0 = amplitude

Superscripts

n = time level
^ = Fourier coefficient

Introduction

A ERODYNAMIC models for flight dynamics and control
analysis are normally written in a coefficient or look-up table

form. In both cases raw data are required, which are used to relate the
aircraft state with the forces and moments generated by the airflow.
Dynamic terms can play a very significant role in the model, arising
from angular rates of themotion. These terms have traditionally been
generated usingmeasurements from forced periodic motions in wind
tunnels.

With advances in computational fluid dynamics (CFD) it seems
likely that flight dynamics aerodynamic models will be increasingly
generated using simulation. For dynamic terms this implies unsteady
calculations. To populate a model with multiple parameters, a large
amount of computation is implied. Murman [1] put forward the idea
of exploiting periodicity to reduce the cost of computing dynamic
derivatives. The nonlinear frequency domain method of McMullen
et al. [2] solves for periodic flows. In this method the CFD unknowns
are expanded in a truncated Fourier series. The latest approximation
to the Fourier coefficients is used to reconstruct the corresponding
solution in the time domain. The residual is then formed, and the
Fourier transform of this residual is calculated. Finally, the
transformed residual is used to update the Fourier coefficients of the
solution.

An alternative is the harmonic balance of Hall et al. [3]. Here the
nonlinear frequency domain equations are transformed back into the
time domain where the solution is computed at a small number of
points around the cycle. The harmonic balance equations are solved
using multigrid by Gopinath and Jameson [4] for forced pitching of
the NACA 64A010 and the LANN wing.

The current paper investigates the efficient solution of the
harmonic balance equations using an implicitmethod. Previouswork
by the authors [5] has investigated the use of approximate Jacobians
and Krylov-type sparse matrix solvers for steady and unsteady
solutions of the Euler and RANS equations. These techniques are
applied to the calculation of forced periodic solutions of the sort
necessary for the development of dynamic contributions to
aerodynamic models for flight dynamics. The paper continues with
the formulation of the underlying CFD solver, and then the implicit
harmonic balance solver is described. Results are presented for the
NACA 0012 aerofoil and the F-5 wing in forced pitch. Finally,
conclusions are drawn.

Time Domain Formulation

The three-dimensional Euler equations can be written in
nondimensional conservative form as

@W

@t
� @F
@x
� @G
@y
� @H
@z
� 0 (1)

Here, W is the vector of conserved variables W� ��; �u;
�v; �w; e�T . The flux vectors F, G and H are
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The main features of the CFD solver are described in [5]. A fully
implicit steady solution of the Euler equations is obtained by
advancing the solution forward in time by solving the discrete
nonlinear system of equations

Wn�1 �Wn

�t
��R�Wn�1� (2)

The term on the right hand side, called the residual, is the
discretization of the convective terms, given here by Osher’s
approximate Riemann solver [6], MUSCL interpolation [7], and
Van Albada’s limiter. Equation (2) is a nonlinear system of algebraic
equations, which is solved by an implicit method [5], the main
features of which are an approximate linearization to reduce the size
and condition number of the linear system, and the use of a
preconditioned Krylov subspace method to calculate the updates.

The steady state solver is applied to unsteady problems within a
pseudo-time-stepping iteration [8], which at each real time step is
written as

��
1

�t
� 3

2�t�

�
I� @R

@W

�
�W��

�
R�W�� 3W� 4Wn�Wn�1

2�t�

�

(3)

Periodicity can be used to approximate the initial solution for the
pseudo-time-stepping at each real time step. At each iteration a file is
written to the local disk with the converged solution at that real time
step. On the next cycle this file is read to provide the initial solution
for the pseudo-time-stepping, and on convergence to the next real
time solution the original file is overwritten with the updated
solution. As the solution approaches a periodic state the pseudo-
time-stepping converges quickly because it starts from an excellent
initial guess. In this way, results can be obtained from timemarching
in a very efficient manner.

Harmonic Balance Method

As an alternative to time marching, the harmonic balance method
allows for a direct calculation of the periodic state. Write the
semidiscrete form as a system of ordinary differential equations

I �t� � dW�t�
dt
�R�t� � 0 (4)

Consider the solutionW and residualR to be periodic in time and a
function of !, giving

W �t� � Ŵ0 �
X1
n�1
�Ŵan

cos�!nt� � Ŵbn
sin�!nt�� (5)

R �t� � R̂0 �
X1
n�1
�R̂an

cos�!nt� � R̂bn
sin�!nt�� (6)

Next, the series is truncated to a specified number of harmonics NH

W �t� 	 Ŵ0 �
XNH
n�1
�Ŵan

cos�!nt� � Ŵbn
sin�!nt�� (7)

R �t� 	 R̂0 �
XNH
n�1
�R̂an

cos�!nt� � R̂bn
sin�!nt�� (8)

and Eq. (4) can also be expressed in a Fourier series as

I �t� 	 Î0 �
XNH
n�1
�Îan cos�!nt� � Îbn sin�!nt�� (9)

A Fourier transform of Eq. (9) then yields

Î 0 �
!

2�

Z
2�=!

0

I�t�dt� R̂0 (10)

Î an �
!

�

Z
2�=!

0

I�t� cos�!nt�dt� !nŴbn
� R̂an

(11)

Î bn �
!

�

Z
2�=!

0

I�t� sin�!nt�dt��!nŴan
� R̂bn

(12)

giving a system of equations for the Fourier series coefficients

R̂ 0 � 0 (13)

!nŴbn
� R̂an

� 0 (14)

� !nŴan � R̂bn � 0 (15)

This is a system of NT � 2NH � 1 equations in NT unknown
harmonic terms and can be expressed in matrix form as

!AŴ � R̂� 0 (16)

where A is a NT 
 NT matrix containing the entries A�n� 1; NH �
n� 1� � n and A�NH � n� 1; n� 1� � �n and
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The difficulty with solving Eq. (16) is in finding a relationship

between R̂ and Ŵ. To avoid this problem the system is converted
back to the time domain. The solution is split intoNT discrete equally
spaced subintervals over the period T � 2�=!

W hb �

W�t0 ��t�
W�t0 � 2�t�

..

.

W�t0 � T�

0
BB@

1
CCA Rhb �

R�t0 ��t�
R�t0 � 2�t�

..

.

R�t0 � T�

0
BB@

1
CCA (18)

where�t� 2�=�NT!�. Then there is a transformation matrix [9] E
such that

Ŵ � EWhb and R̂� ERhb

and then Eq. (16) becomes

!AEWhb � ERhb � 0� !E�1AEWhb � E�1ERhb

� !DWhb �Rhb (19)

where D� E�1AE and the components of D are defined by
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Di;j �
2

NT

XNH
k�1

k sin�2�k�j � i�=NT�

Note that the diagonal Di;i is zero.
We can then apply pseudo time marching to the harmonic balance

equation

dWhb

dt
� !DWhb �Rhb � 0

This equation is solved using an implicit method, ofwhich one step is
written as

Wn�1
hb �Wn

hb

�t
���!DWhb �Rhb�Wn�1�� (20)

The right-hand side is linearized as

R hb�Wn�1
hb � 	Rhb�Wn

hb� � J�Wn�1
hb �Wn

hb�

The Jacobian matrix J is

J�

@R
@W jt0��t !D1;2 . . . !D1;NT

!D2;1
@R
@W jt0�2�t

..

. . .
.

!DNT;1
!DNT;2

@R
@W jt0�T

2
6664

3
7775 (21)

where @R=@W is the Jacobian matrix of the CFD residual, which
appears in Eq. (3).

There are two considerations when solving Eq. (19). First, for
solving CFD systems it is normally more efficient to use an
approximate Jacobian matrix based on a lower-order spatial
discretization of the residual function. This results in a linear system
that has less terms in the coefficient matrix and is better conditioned.
Second, a sparse matrix solver is used to calculate the updates from
the solution of the linear system. The key issue is normally in the
preconditioning used, and block incomplete lower upper (BILU)
factorization has proved effective for systems arising from CFD
systems [5].

For solving the harmonic balance system several experiments
were made based on experience with solving for a CFD steady state.
First, for the terms on the diagonal of J, arising from the CFD
residual, an approximate Jacobian matrix arising from the first-order
discretization ofR is used. The linear system is solved using aKrylov
subspace method with BILU factorization with no fill-in (i.e., the
sparsity pattern of the factorization is the same as the coefficient
matrix). Experiments using this approximate Jacobian are shown for
the two test cases following. Further approximations were attempted
by neglecting all off-diagonal terms. This has the advantage of
decoupling the linear systems for each time step. However, the
pseudo time stepping was found to diverge with this approximation.

The memory required to store the linear system for the 3-D case
scales like

4N2
H � 16NH � 7

7
(22)

The memory required for test case 2 (described next) is shown in
Table 1 for an increasing number of modes. Here, the memory is
expressed as a fraction of thememory required for the implicit steady
state solver on the same grid. The requirements quickly grow and
become significant beyond a small number of modes.

The performance of the linear solver for test case 1 (see following)
is given in Table 2. As the number of harmonic modes is increased,
the linear system becomes harder to solve. The performance is
acceptable up to about 5modes. Beyond this number the linear solver
fails to reach the requested four orders of residual reduction at some
pseudo time steps. One level of fill-in in the BILU factorization was
tried for these cases without much improvement. There are a few

Table 1 Memory requirements for test

case 2 as the number of harmonics is

increased, where Mst is the memory
required for the steady state solver andMhb

is the memory required by the implicit

harmonic balance solver

Modes Mhb=Mst

0 1.0
1 3.85
2 7.86
3 13.0
4 19.3
8 55.9

Table 2 Summary of the linear solver convergence for test

case 1 as the number of harmonic balance modes is increased

Modes Linear Solver Linear Solver
Residual Obtained Iterations

1 0.0001 5–10
2 0.0001 5–10
3 0.0001 5–10
4 0.0001 10–20
5 0.0001 14–40
6 0.001–0.0001 40
7 0:3 � 0:1 40
8 0:9 � 0:5 40
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Fig. 1 View of the block structured grid used for test case 1.
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Fig. 2 Number of pseudo time steps at each real time step for test case 1,

with 128 real time steps per cycle.
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possible approaches to improving the performance of the linear
solver. The first is to reorder the unknowns so that the NH � 1 time
slices for each cell follow on from each other. This would move the
off-diagonalD blocks closer to the main diagonal and, hence, reduce

the bandwidth of the system, which usually helps to improve the
BILU factorization. The other option is to relax the quasi-Newton
method by adding a time like term 1=�t to the diagonal of the
harmonic system.
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Fig. 3 Instantaneous pressure coefficient distribution for test case 1 at three points in the cycle. The terms up and down in parenthesis indicate the
direction increasing or decreasing angle, respectively.

Fig. 4 Pressure coefficient for test case 1 as a function of � at two points in the aerofoil that remain subsonic (left) throughout the cycle and features

transonic flow (right) at some points in the cycle.
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In summary, the method finally adopted for the results presented
next is to approximate the Jacobianmatrix J by using the Jacobian of
the first-order CFD spatial residual on its diagonal, and to use BILU
with no fill-in for the linear solver preconditioner.

Results

Test Case 1: Unsteady NACA 0012 CT1

The first test case is for a pitching aerofoil selected from the
AGARD database [10,11]. A periodic motion of the aerofoil is
defined by the angle of attack as a function of time such that

��t� � �m � �0 sin�!t�

where ! is related to the reduced frequency k by

k� !c

2U1

The case has a freestream Mach number of 0.6, a mean incidence
�m � 2:89 deg,�0 � 2:41 deg, k� 0:0808, and the pitching is about
the quarter chord.

A three-block grid was generated, which contains 4096 points and
is shown in Fig. 1. Note that all time domain calculations had been
previously repeated on afiner grid that has twice the number of points
in each direction, with virtually identical results obtained. The steady
state solver starts with 10 explicit steps with a CFL (Courant–
Friedrichs–Lewy) number of 0.4 followed by an implicit solution
with a CFL number of 500 until the L2 norm of the residual is
dropped eight orders of magnitude from the starting value.

The unsteady solver uses the same tolerance and limits the number
of pseudosteps to 30. Again, a CFL number of 500 is used. The
periodicity is exploited to provide a good initial guess from the
previous cycle as described in the section on the time domain
formulation. The number of pseudosteps at each real time step is

Table 3 Run times for test case 1 with

different numbers of steps per cycle for the

time domain solver

Steps per cycle CPU time, s

16 64
32 117
64 218
128 390
256 683
512 1205
1024 2120

Table 4 Run times for test case 1 with

different numbers of modes per cycle for

the harmonic balance solver

Modes per cycle CPU time, s

1 15
2 25
3 42
4 75
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Fig. 5 Reconstructed instantaneous pressure coefficient distribution for test case 1 at three points in the cycle. The terms up and down in parenthesis
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shown in Fig. 2 when 128 real time steps are used per cycle. By the
third cyclemany of the real time steps require no further convergence
from the previous cycle. This significantly reduces the cost of the
overall calculation.

The harmonic balance solver first solves 2NH � 2 steady-state
calculations with 10 explicit and 10 implicit iterations to obtain an
initial solution. This is followed by a solution of the full harmonic
system.

Referring to Table 2, increased work associated with the linear
solver as the number of modes is increased contributes to increased
cost. The number of iterations to reduce the residual of the harmonic
balance equations by eight orders of magnitude is between 25 and 30
for all the cases shown.

A shock appears and disappears during the pitching cycle. A very
small time step, corresponding to 1024 steps per forced pitching
cycle, was used with the time domain solver to generate a reference
solution. The pressure coefficient distributions at three points in the
cycle, which are included in the harmonic balance time intervals, are
shown in Fig. 3. The appearance and disappearance of the shock
toward the leading edge on the upper surface is clear. The harmonic
balance solution using 1mode is also included in the figure, and there
is a close correspondence with the time domain reference solution at
these time steps.

Next, the behavior of the pressure coefficient throughout a
pitching cycle at two locations on the aerofoil was examined. The
first position (x=c� 0:041) was always ahead of the shock, which
appears on the upper surface, whereas the second location
(x=c� 0:119) has the shock moving through. The pressure coeffi-
cient at these two locations as a function of � is shown in Fig. 4 with
the time domain reference solution and the harmonic balance
solution using 1–4 modes. There is an excellent agreement between
the two sets of solutions, even when the shock significantly distorts
the curve. Note that the harmonic balance predictions are marked
with points at the time intervals used in the calculation only, and no
reconstruction of the solution at other times is shown in this figure.

These results show that the harmonic balance method is able to
reproduce, at the time intervals used in the calculation, the reference
time domain solution with only 1 mode. A study was undertaken to
assess the efficiency of the harmonic balance solver in comparison to
the time domain solver. The time domain solver produces results
very close to the reference solution with 32 steps per cycle. The cost
of the time domain solutions with increasing numbers of time steps
per cycle is shown in Table 3. These results were obtained using
restarting from the corresponding solution on the previous cycle and
represent the fastest results that could be obtained with the time
domain solver for the current test case. The time to convergence of
the harmonic balance solver using 1–4 modes is shown in Table 4.
The time required for a good solution using the unsteady solver is
117 s, corresponding to 32 steps per cycle. The harmonic balance
method gives a similar solution with 1 mode, and in 12.8% of the
CPU time. For reference, the time for a steady-state solution at the
mean incidence is 3 s for this case.

The results shown until now have all been for the harmonic
balance solution at the time intervals used in the calculation.
However, the solution at other time intervals is also required. The
Fourier coefficients can be calculated from the harmonic balance
time interval solutions, and then used to reconstruct the solution at
any point around the motion cycle. Reconstructed pressure distri-
butions are shown in Fig. 5. The 1-mode reconstruction is good at all
points on the aerofoil except where the shock appears and moves. In
this region the disagreement with the time domain solution is very
large. To explain this behavior the reconstructed solution is
examined at the two points on the aerofoil chosen previously. The
reconstructed values of the pressure coefficients around the cycle are
shown in Fig. 6. It is clear that, particularly for the second point that is
traversed by the shock, the response has very significant higher
harmonic content. The reconstructed 8-mode solution for this point
shows significant discrepancywith the time domain solution, and the
16-mode solution has still not captured some of the details. To
quantify this, the root mean squared difference between the time
domain and the reconstructured harmonic balance solutions was

calculated and is shown in Fig. 7. This figure quantifies the
improvement in the harmonic balance solution as the number of
modes is increased. Consistent with the plots shown in Fig. 6, the
difference only decreases very slowly, particularly for the difficult
second point. Comparing the 1- and 8-mode solutions at this point the
difference with the time domain solution has dropped by less than
one order of magnitude.

Test Case 2: F-5 Wing with Tip Launcher

The second test case is for a pitching wing selected from the
NATO Research and Technology Organization’s report [11] and
relates to a transonic wind tunnel test from 1977 on an oscillating
model of the outer part of the Northrop F-5 wing with external store.
Run 355 has a freestream Mach number of 0.896, a mean incidence
�m � 0:004 deg, �0 � 0:117 deg, k� 0:275, and the pitching is
about the unswept line through the root half chord location. The grid
generated for this configuration has 290 blocks and 168,000 cells. A
view of the surface grid is shown in Fig. 8.

For the steady calculations 50 explicit steps at a CFL number of
0.4, followed by 15 implicit steps at a CFL number of 500 are used.
These parameters are also used to provide the initial guess for the
harmonic balance solver.

Forced motion calculations were run using 16, 32, and 64 points
per cycle. The surface pressure coefficient is shown in Fig. 9 when
the wing is pitching up through 0.004 deg. The shock around
midchord is clear in the figure. The solution from the harmonic
balancemethod using 1mode is also shown in the figure, and the two
results look very close. The pressure distribution along two
streamwise cuts is shown in detail in Fig. 10, and comparison ismade
with available measurements [11]. The predictions are inviscid and
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Fig. 7 Root mean square of the difference between the 1024 steps per
cycle time domain solution and the reconstructed harmonic balance

solutions for test case 1 at two points on the aerofoil.

Fig. 8 Surface grid for theF-5wingwithwing, tip, and launcher used in

test case 2.
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show expected discrepancies with the measurements. The shock in
the computed results persists too far inboard and is located too far
downstream. However, the computed results are qualitatively similar
to the measurements, and even quantitatively the comparison is
reasonable. This makes the case a realistic test for the harmonic
balance solver, which is the topic of this paper.

Again, the time evolution of the pressure coefficient at two points
is shown in detail. The points chosen are at 87.5% span and at 35 and
65 % chord. The evolution is shown as a function of incidence in
Fig. 11. For this case only the 1-mode harmonic balance solution
could be computed due to memory restrictions. This calculation
required 3.3 GB of memory. The time domain calculation required

64 steps per cycle to be time accurate, and this solution agrees well
with the 1-mode harmonic balance solution. The harmonic balance
solution took 39 min to convergence, compared with 160, 246, and
391 min for 16, 32, and 64 steps per cycle, respectively. As in test
case 1, for a comparable accuracy, the Harmonic Balance method is
at least 10 times faster.

In this case the shock motion does not introduce as large a
distortion from a sinusoidal time response at points 1 and 2, when
compared with test case 1. The reconstructions for the time response
around the cycle are shown in Fig. 12, and good agreement is
obtained between the time domain and harmonic balance 1-mode
predictions throughout the cycle.

Time Domain Harmonic Balance
Fig. 9 Upper surface pressure distribution for test case 2 at �� 0:004deg with � increasing.
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Fig. 10 Pressure distribution along two spanwise slices for test case 2 at �� 0:004deg with � increasing.
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Fig. 11 Upper surface pressure coefficient values at two points taken at 87.5% span for test case 2.
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Conclusions

An implicit solver for the harmonic balance equations has been
presented. The method uses approximate Jacobian matrices for the
diagonal blocks arising from the linearization of the CFD residual.
Experiments showed that off-diagonal terms could not be dropped
from the harmonic balance Jacobian, with significant implications
for the memory requirements of the method. The linear system is
solved using a Krylov subspace method with BILU factorization.
The performance of the linear solver was seen to fall off with
increasing number of modes.

The method proved to be effective for the test cases considered,
with a reduction of CPU time by at least a factor of 10 in each case
when compared with the unsteady solver. A restarting method,
which uses the corresponding solution from the previous cycle, is
used to obtain an efficient unsteady solver for comparison. In both
cases the time step converged unsteady solution was effectively
reproduced, at the time intervals used in the harmonic balance
calculation, by retaining 1 mode in the harmonic balance solver.
However, significantly more modes were needed to reconstruct the
nonlinear behavior at other points in the cycle for test case 1. If the
detailed behavior is required around the cycle, then the cost benefits
of the harmonic balance solver when comparedwith the time domain
solver may be lost. A full evaluation of this point is required and will
be application dependent.

Future work involves the development of a parallel version of the
solver and the application of the solver to compute dynamic
derivatives.
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Fig. 12 Reconstructed upper surface pressure coefficient values at two points taken at 87.5% span for test case 2.
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